
 Graph DP

def G VE directed simple graph

Iv n IEl m

cost function C E Z

def Apath in G is a sequenceof vertices vii VK Sit Vivien E E i

def is a cycle if v1 UK

def The costofpath p is Ip Ep Ce

def The distance

distest ps Pl the argmin is shortest path



Lemma If I path s t sharing a vertex with a cycle C where IC 20

then dist sit a

Pt the distance is not bounded wait_path walk

Lemma

If no sat path townhing negcycle then shortestpathexists withlength e n t

t
claim for any finite p so t P set with n t edges sit p p

pf in path of with an edges ofhasrepeated vertex Ry pigeonhole

2 q s t w Kan edges then
s t q w o Ck edges

19 181



Note Sometimes greedy ago won't work Dijlistral DP

def dist Siu p t

Phaseredgy

P

prop length c k path sun

U length eh 1 paths sun lengthskpath sun
11

p v p lengthenpath so u

Remark this is a non disjoint decompose

disten sat min
distin su

Fife distendsa
t Claus

Joop If no path from s reaching negcycle then

Vt distsat disten sat



prop Bellman Ford

If I no pathfrom s reaches anegcycle then distsat canbecomputed in
0 nm time

f
Algo i for veV do TV a

do IS O

3 for K Kent
for v EV
dudes min

I.ggEIea ccuus
Complexity clearly Oln

Better if we restrict u to only connected Using adjacency list
we ran achieve Olum

prop If no pathstarting froms to negcycle then given distends.us u we can compute

the shortestpath in Oln

Doable since path itself is linear



When neg cycle exists

prop If ft disten sit disten sit then no path from s tonegcycle

Pf Claim forall v k 12h distel su distemisat

pf by induction on h

h i n by hypothesis tune

distends mm
distilli su

main distendsa can

mins
disten i su

min disten sin aus

disten su disten ils.ua

Then all t all Korn distendst disten sit

figdisteksat
distent sat s s

no negcycle

Cor s cannot reach neg cycle iff ft disten i sat disten s t

Cor In Olum time we can compute if s reach negcycle detect

distls.tl




