


Proof of the Classification of Finitely Generated Abelian
Groups

G = (a1, ...,an) - finitely generated group
N<G— G/N={_aN,....a,N)

= quotients of f.gen groups are finitely generated.
Fact: If a, € N, then G/N ={a1N,...,a,_1N)
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Proof of the Classification of Finitely Generated Abelian
Groups

If H< G-f.gen
is H also f.gen?

NO it does not have to be f.gen.
Thm.

Prep: = If G is f.gen and abelian, then every subgroup H < G is

also f.gen.

T hw
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Proof of the Classification of Finitely Generated Abelian
Groups

Lemma: If H-(abelian) group,

N < H (normal) subgroup
If N and H/N are f.gen = H is f.gen.

n:H—- H/N
Proof: Suppose N = Z{x1, ..., Xm}

H/N = Z{y1, ..., ¥n} m(¥.) = ¥

Pick. For each y, pick y, € H such that y, =y, + N
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Proof of the Classification of Finitely Generated Abelian
Groups

Claim: H = Z{x1, .., Xmy Y1 -+, Yn}
Suppose: ue H

Consider v := 7w(u) = b1y1 + ... + by, € H/N for some by € Z
Define: v :=1y; + ... + byype H; w(v) = v
Have: n(u) =v=n(V)dn(u—Vv)=0=gu—-veN

SO U—V =aixy + ...+ amXm for some a; € Z

= u = 2a;x; + 2bjy; = done
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Proving The Subgroup H Is Finitely Generated

Pf. of thm: G = Z{ay,...,an}H < G
Use induction an n = size of a generating set of G
Base case: n =0, G = Z{} = {0}
n=1, G = 7Z{a}

we shared = H is cyclic
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Induction Step

Induction Step: n > 2

b l:’lﬂcc‘;’,'a‘q

gen by n gen by n-1
G » G/Za

1 T (CORR THM.)
H + 7Z{a} = |H + ZaJ/Za f.gen (Induction)
(cyclic) 7 \ & (DIAMOND ISO THM.) / iso
f.gen Z{a} H— H/N H/HnZa f.gen
NN e
HnZ{a} fgen

N

Y

cyclic)

f.gen
gk €4
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Consequence of Proof

Consequence. 1 | w _
v ¢
Fact: G-f.gen abelian =5 dm 4 0,® : Z™ — G sury homomorphism

= G = Z"/N,
Thm: N is f.gen, so dn L%O,& 2" —» N sury hom.
Consider Z" % N > Zm a(Z") = N
\ | R
= G =~ 1" [okZ"]”

For some A € Mat, (%)
— — W —
STEP 2 DWE ! STEP 3 in Hec fllg,
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Studying the Homomorphism from Z" to Z™

Observe: A € Mat,,«n(Z), define
La:Z" — 7™ by A = (a;;),a; € Z

LA((C1, ceoy Cn)) = (25:1 415¢5,; Z;f-':l d2jCjy e 25:1 amjcj)
CiEZ L L ~ _
( c1 \ c1 d1

e La || | |=A] || |ezm

\ Cn | ) Cn | _dm_

Claim: L is a homomorphism.
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Studying the Homomorphism from Z" to Z™

ﬁ Also, any homomorphism « : Z" — Z™

is equal to La for a Me A € Mat,,«n(Z)

Furthermore A € Mat,«n(Z)

B € Mat«p(Z)

7,0
Lp La
Same
Then: LAB = LA O LB 7P > 7.m
Lag
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Studying the Homomorphism from Z" to Z™

Rem: Suppose La : Z" — Z™ is an isomorphism [A € Mat,,.. ,(Z)]

Then (La)™* : Z™ — Z" is also an isomorphism
H
Lg for some B € Mat,«x m(Z)

: : Corr: 2™ ~ 7™
LBA — LB o LA — IdZn LA O LB — IdZm m =N
| H = 1B
L, Ly
Lin Alg.

= AB =11 = AB >m=n,s0B=A""1

(overR)
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Smith Normal Form

Smith Normal Form

\When A € Mat,,.,(Z)], Ais in Smith normal form if

A= diag(dl, dg, ciey d5>, di < 0, dz‘dz-l—l

eg. A

[ 1

0

12

S = min(m, n)

)

ooo)
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Smith Normal Form

Prop: If A = diag(di,...,ds) € Matpymyn(Z) |[Smith Normal Form)]
LT LA(Z") ~ 7/ 0g, % ... X L] Tg, x 2" ° = G
Proof: Z™ % G by

(X17 voey Xsy Xs+1, ---;Xm) — ([Xl]d17 ey [Xs]d57XS—|—17 °°°7Xm)

This is surjective, kerp = LA(Z")
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Smith Normal Form

Prop: If B = PAQ, A, B € Mat,,,«n(Z)
P.Q 7 — invertible
then Z™/LaA(Z") =~ 7™ /Lg(Z").
Say that A «~ B "equivalent”.
IHp: 7™ — Z7/LaA(Z")
Iig : 7™ — Z™/Lg(Z")
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Smith Normal Form

Pf: Consider
QO = HA O Lp—l

ST TN

7,m P > 77,m >£» Zm/LA(Zn)

~

l mm

7™ [ker

Claim: ker ¢ = Lg(Z")
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Smith Normal Form

X € kerp <= PX_1 € kerllp
— P! = Ay for somey € Z"
— Px_l = AQz, for somez e Z" |z = Q—ly]

—= x = PAQz = Bz for somez e Z"

<< X € LB(Zn)
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