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Proof of the Classification of Finitely Generated Abelian

Groups

G “ xa1, ..., any - finitely generated group

N ú G Ñ G{{{N “ xa1N , ..., anNy
ñ quotients of f.gen groups are finitely generated.

Fact: If an P N , then G{{{N “ xa1N , ..., an´1Ny
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Proof of the Classification of Finitely Generated Abelian

Groups

If H § G -f.gen

is H also f.gen?

NO it does not have to be f.gen.

����*Thm.
Prop: = If G is f.gen and abelian, then every subgroup H § G is

also f.gen.
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Proof of the Classification of Finitely Generated Abelian

Groups

Lemma: If H-(abelian) group,

N ú H (normal) subgroup

If N and H{{{N are f.gen ñ H is f.gen.

Proof: Suppose N “ Ztx1, ..., xmu
⇡ : H ⇣ H{{{N
⇡pyıq “ ȳı

H{{{N “ Ztȳ1, ..., ȳnu

Pick. For each ȳı pick yı P H such that ȳı “ yı ` N
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Proof of the Classification of Finitely Generated Abelian

Groups

Claim: H “ Ztx1, ..., xm, y1, ..., ynu
Suppose: u P H

Consider v :“ ⇡puq “ b1ȳ1 ` ... ` bnȳn P H{{{N for some b1 P Z
Define: pv :“ 1y1 ` ... ` b1y1 P H ; ⇡ppvq “ v

Have: ⇡puq “ v “ ⇡ppvq ) ⇡pu ´ pvq “ 0 ) u ´ pv P N

so u ´ pv “ a1x1 ` ... ` amxm for some a1 P Z
) u “ ⌃aıxı ` ⌃b|y| ) done
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Proving The Subgroup H Is Finitely Generated

Pf. of thm: G “ Zta1, ..., anuH § G

Use induction an n = size of a generating set of G

Base case: n = 0, G “ Ztu “ t0u
n = 1, G “ Ztau

we shared ) H is cyclic
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Induction Step

Induction Step: n • 2

H

H ` Ztau

Ztau

HnZtau

G G{Za

H ` Za{Za

H{N “ H{HnZa

f.gen (Induction)

f.gen

is (DIAMOND ISO THM.)

(CORR THM.)

f.gen

f.gen

N (cyclic)

f.gen

LEMMA

(cyclic)

gen by n gen by n-1
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Consequence of Proof

Consequence.

Fact: G -f.gen abelian ) Dm § 0,� : Zm ⇣ G sury homomorphism

ñ G – Zm{N ,

Thm: N is f.gen, so Dn § 0, ↵̄ : Zn ⇣ N sury hom.

Zn
N Zm

° °

↵ “ ı ¨ ↵̄

↵pZnq “ N

V G » Zm{⇠⇠⇠⇠: LApZnq
↵pZnq

Consider
↵̄ ı

For some A P MatmˆnpZq
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Studying the Homomorphism from Zn
to Zm

Observe: A P MatmˆnpZq, define
LA : Zn Ñ Zm by A “ paı|q, aı| P Z

LA
`
pc1, ..., cnq

˘

cıPZ
:“

` ∞n
|“1 a1|c|,

∞n
|“1 a2|c|, ...,

∞n
|“1 am|c|

˘

i.e. LA

¨

˚̊
˚̊
˚̊
˚̋

»

———————–

c1

c2
...

cn

fi

�������fl

˛

‹‹‹‹‹‹‹‚

= A

»

———————–

c1

c2
...

cn

fi

�������fl

P

»

———————–

d1
...
...

dm

fi

�������fl

P Zm

Claim: LA is a homomorphism.
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Studying the Homomorphism from Zn
to Zm

Also, any homomorphism ↵ : Zn Ñ Zm

is equal to LA for a unique A P MatmˆnpZq

Furthermore A P MatmˆnpZq
B P MatmˆppZq

Then: LAB “ LA ˝ LB Zm

Zn

Zp

LA
same

LAB

LB
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Studying the Homomorphism from Zn
to Zm

Rem: Suppose LA : Zn Ñ Zm is an isomorphism [A P MatmˆnpZq]
Then pLAq

}
´1 : Zm Ñ Zn is also an isomorphism

LB for some B P MatnˆmpZq

LBA “ LB ˝ LA “ idZn

}
LI

LA ˝ LB “ idZm

}
LI

Corr: Zm – Zm

ñ m ˆ n

ñ AB “ I , I “ AB
Lin Alg.ùùùùùñ
poverRq

m “ n, soB “ A
´1
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Smith Normal Form

Smith Normal Form

[When A P MatmˆnpZq], A is in Smith normal form if

A “ diagpd1, d2, ..., dsq, d1 § 0, dı|dı`1

S “ minpm, nq

eg. A “

¨

˚̊
˚̊
˚̊
˚̋

1

3 0
12

0 0 0 0

˛

‹‹‹‹‹‹‹‚
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Smith Normal Form

Prop: If A “ diagpd1, ..., dsq P MatmˆnpZq [Smith Normal Form]

Zm{LApZnq » Z{Zd1 ˆ ... ˆ Z{Zds ˆ Zm´s “ G

Proof: Zm '›Ñ G by
`
x1, ..., xs , xs`1, ..., xm

˘
fiÑ

´
rx1sd1 , ..., rxssds , xs`1, ..., xm

¯

This is surjective, ker' “ LApZnq
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Smith Normal Form

Prop: If B “ PAQ,A,B P MatmˆnpZq
P,Q Z ´ invertible

then Zm{LApZnq – Zm{LBpZnq.
Say that A v B ”equivalent”.

⇧A : Zm Ñ Zm{LApZnq
⇧B : Zm Ñ Zm{LBpZnq
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Smith Normal Form

Pf: Consider

Zm Zm Zm{LApZnq

Zm{ker'

' “ ⇧A ˝ Lp´1

ù Iso. Thm

⇧A
Lp´1

»

Claim: ker ' “ LBpZnq
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Smith Normal Form

x P ker' ñ P
´1
x P ker⇧A

ñ P
´1
x “ Ay for somey P Zn

ñ P
´1
x “ AQz , for somez P Zn rz “ Q

´1y s
ñ x “ PAQz “ Bz for somez P Zn

ñ x P LBpZnq
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